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Abstract-We propoee the difference equation z,,+r = zn - f(z,,+) es a model for a single 
neuron with no internal decay, where f satlslks the McCulloch-Pitts nonlinearity. It is shown that 
every solution is truncated periodic with the minimal period 2(21 + 1) for some 1 1 0 such that 
(k - 1)/(21+ 1) is a nonnegative even integer. The potential application of our results to neural 
networks is obvious. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In recent decades, the study of neural networks has attracted the attention of many researchers. 
Since large scale networks are very hard to analyze, we use networks of one or two neurons 
as prototypes to understand the dynamics of large scale networks. In the literature, the delay 
differential equation 
i(t) = -f(z(t - 7)) (I) 
is used as the model for a single neuron with no internal decay, where f : W + W is either the 
sigmoid or a piecewise linear signal function and T 2 0 is the synaptic transmission delay (see, 
for example, [l-3]). 
As we know, differential equations with piecewise constant arguments have wide applications 
in certain biomedical models (see [4], for instance). So, we are inspired to model a single neuron 
with no internal decay by 
k(t) = -m([W, (2) 
where [a] denotes the greatest integer function. In contrast to the assumptions on f for equa- 
tion (1) in the literature, we assume that f : IR + W is the function given by the piecewise 
constant McCulloch-Pitts nonlinearity, 
f(u) = { 
1, if2L>c, 
-1, if u 2 0. 
(3) 
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Here, rr E W is referred to as the threshold. 
Since the pioneering work of Cooke and Wiener [5] and Shah and Wiener [6], much progress 
has been made in the study of differential equations with piecewise constant arguments. A good 
survey is done by Cooke and Wiener [7]. However, most of the study deals with linear and scalar 
equations. To the best of our knowledge, there exist no results for the dynamics of model (2) 
with f satisfying (3). Surprisingly, as we will see, each solution of (2) will be periodic eventually. 
To study (2), it is better to consider the following difference equation: 
%+1 = xn - f (G-k), n=O,l,..., (4) 
where Ic is a nonnegative integer and f satisfies (3). In fact, denote 2, = x(n). Then integrate (2) 
fromntotE[n,n+l)toget 
x(t) = z(n) - 
J 
’ DGI)) ds = x(n) - f(x(n))(t - n). 
n 
Letting t + n + 1, we get 
which is a special case of (4) with k = 0. Hence, equation (4) can be used to model a single 
neuron with transmission delay. 
For the sake of simplicity, let Z denote the set of all integers. For a, b E Z, define Z(a) = 
{a,a f 1,. . .}, and Z(a,b) = {a,a + 1,. . . , b} whenever a 5 b. By a solution of (4), we mean a 
sequence (x,};!_~ that satisfies (4) for n E Z(0). Clearly, for any (Z-k,?-k+i, . . . ,ZO) E II@+‘, 
equation (4) has a unique solution {x~)E!_~ satisfying xn = 3, for n E Z(-k, 0). Because of (3), 
for a sequence {z,}~=_,, we say that {z1,zl+r,. . . , xm} with 1 5 m is a positive semicycle (with 
respect to c) if xn > D for n E Z(1, m) and 1 and m satisfy 
either 1= -k or x1-1 5 u 
and 
either m = 00 or Gn+1 I fJ* 
We call m - I+ 1 the length of the positive semicycle. A negative semicycle is defined similarly 
(replace > by <_ and vice versa). In the sequel, a semicycle means either a positive semicycle 
or a negative semicycle. To state our main results in Section 2, we introduce a terminology. A 
sequence {x,}E=_,, is truncated periodic if there exist no E Z(-k) and w E Z(1) such that 
Xn+no+w = Xn+n0 7 for n E Z(O), 
and w is called a period. 
2. THE MAIN RESULTS 
We start with a result on the limiting behavior of solutions to (4). 
LEMMA 1. Let {z~}:=_~ be a solution of (4). Then for any n E Z(-k), there exist ni > n and 
n2 2 n such that x,, > u and xna 5 u. 
PROOF. By way of contradiction, without loss of generality, we assume that there exists an 
no E Z( - k) such that 
Gl > c, for n E Z(no). (5) 
Then, by induction, we know that 
xno+k+n = %,+k - % for n E Z(O). 
Thus, xn -P -oo as n -P 00, a contradiction to (5). This completes the proof. I 
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It follows from Lemma 1 that all semicycles of solutions to (4) are of finite length. Moreover, it 
is easy to observe that, for a solution {z,}~=_, of (4), the length of the semicycle {z,, , . . . , z,,} 
with no > 0 is odd. 
The following two results will be very essential to prove our main results. 
PROPOSITION 2. Let {zn}~& be a solution of (4). If {zCn}Fz_k has a semicycJe of length larger 
than k, then {z,}:=_~ is truncated periodic with the rninimd period 2(2k + 1). 
PROOF. Without loss of generality, we assume that {z,}~=_, has a positive semicycle {znor z~~+~, 
. . . ,zno+l} of length 1 + 1, where 1 > k. Then, from (3) and (4), we can get 
xno+l+m = x,,+l - m, 
~,+l+k+~+l = z,,+l - k + m - 1, 
%,+1+3k+m+2 = %+l + k - m, 
for m E Z(1, k + l), 
for m E Z(1,2k + l), 
for m E Z(1,2k + 1). 
Note that ff 1 z~,,+~+I = z,,+l - f(a: no+&k) = X,x,,+1 - 1. Thus, Xno+1+4k+3 = z,,+l - 1 5 0, 
and hence, {Xno+1+2k+2,. . . , Xno+1+4k+2} is a positive semicycle with length 2k + 1. Moreover, 
z&,+1+&+2 = z,,+l. In the above discussion, we only used the fact that zno+l_k, . . , , z=,,+l are 
larger than (T. So the same arguments will give us 
Z,o+1+n+2(2k+l) = ho+l+n, for n E Z(0). 
That is, {z,}rC_k is truncated periodic and 2(2k + 1) is the minimal period. I 
LEMMA 3. Let k 2 3 and {z,}F=_k be a solution of (4). Assume that {x,}~=_~ has a semicycle, 
{x,,,. . . ,xno+z} with no > 0, of length 2Z+ 1 E Z(3, k). If no semicycle {z,, , . . . ,x,,} with 
nl > n,-, -t 21 has length larger than 2Z+ 1, then (k - 1)/(21+ 1) is an even integer and {x,}~~_, 
is truncated periodic with the minimal period 2(21+ 1). 
PROOF. Let mo E Z(1) be such that k E Z(mo(21+1), mo(21+1)+21). Without loss of generality, 
we assume that {x,, , . . . , 2,,+21} is a positive semicycle. First, we claim that 
o-I-l<x,<o+Z+l, for n E Z(no + 2Z+ 1). (6) 
Let us show that 2, 5 ~7 + 1+ 1 for n E Z(no + 21+ 1) by contradiction (the proof for the other 
part is similar). Assume that there exists an n1 E Z(no + 21 + 1) such that x,, > g + 1 + 1. Let 
nz E Z(-k, n1) and ns E Z(q) be the largest integer and smallest integer such that z,, 5 c and 
2 na 5 0, respectively. Then n2 < n1 - I - 1. Otherwise, n2 2 nl - 1 - 1, which is positive. But, 
we have 
m-k-1 
Gal =&a, + c (-fbrd) 
m=na-k 
nl-k-l 
5X,, + c 1 
m=nz-k 
5 fl+ (nl - n2) 
Sa+Z+l, 
a contradiction to x,, > 0 + 1 + 1. This proves np < nl - 1 - 1. Similarly, we can show that 
ng > nl + 1 + 1. Thus, {xna+l,. . . , x,,-1) is a positive semicycle of length ns - n2 - 1, which 
is larger than 21 + 1, a contradiction to the assumption of the lemma. This proves the claim. 
Using a similar argument, we can show that x no+k E (g + I, d + 1 + 11. To simplify the following 
argument, for 5 E (0 + 1,~ + 1 + 11, we denote Al be the positive semicycle {xP, . . . , xp+21} 
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with zCp+lkm = S - m for m E Z(0, I) and Al be the negative semicycle {zg, . . . , ccq+21) with 
xq+1h?2 = 4 - (21+ 1) + m for m E Z(O,1). It follows from (3) and (4) that 
Xn,+k+m = 2no+k - m, for m E Z(O,21 f 1). 
We claim that {+,+k-l, . . . ,z&,+k+l} is a positive semicycle of type A$WO+h. In fact, let n4 E 
Z( -k, no + k) be the largest integer such that znr 50. Then 124 < no+k-l. If n4 < no+k-l-1, 
then {G~+I, . . . , zno+k+l} is a positive semicycle of length larger than 21+ 1, a contradiction to 
the assumption of the lemma. So n4 = no -t k - 1 - 1, and hence, n4 + 1 = no + k - 1. 
Since the distance between each two consecutive lements in {z,,+k_I, . . . , zno+k} is just one, we 
conclude that +,+k-,,, = z,,+k - m for m E Z(0, I). Thus, {&,+&I,. . . , Li&+k+l} is a positive 
semicycle of type Az,bO+,. Since zno+k+2[+l E (a - 1 - 1, u - 11, similarly, we can show that 
{Ga,+k+l+l, . * * , 2no+k+31+1) is a negative semicycle of type AG~~+~. continuing in this way, we 
can show that (zno+mok_molr..  ,xno+mk+(mo+2)l+m} consists of AZ, Ai, . . . , consecutively, in 
total of mo + 1 semicycles, where e = z,,+,,&-(mO_l)(. Since z,&(,,+l)k-_m,,[ E (0 + I!, u f I + l] 
and no + (mo + 1)k - mol E Z(no + mok f mol + mo,no + mok + (mo + 2)1+ mo), rno must be 
even and no + (mo + 1)k - mol = no + mok + (mo + 1)1 f mo. Thus, k = (2mo + 1)1+ mo. That 
is, (k - 1)/(21+ 1) is an even integer. Moreover, we can easily see that {s,)F=_~ is truncated 
periodic with the minimal period 2(21+ 1). This completes the proof. I 
For the sake of simplicity, we introduce another notation. For k E Z(O), denote P(k) = {I E 
Z(0); (k - 1)/(22 f 1) E 22(O)}. Ob viously, k E P(k) for each k E Z(0). Moreover, 0 E P(k) if k 
is even and 0 # P(k) if k is odd. 
Now, we are ready to prove the main results of this paper. 
THEOREM 4. Every solution (zn)F=_k of (4) is truncated periodic with the minimal period 
2(21+ 1) for some 1 E P(k). 
PROOF. First, we assume that {%,&)2=-k has a semicycle of length larger than 1 eventually. 
Obviously, it has a semicycle of length larger than k for k E 2(0,2). If k 2 3, by Lemma 3, 
{x~}:=_~ has a semicycle of length larger than k eventually or it is truncated with the minimal 
period 2(22+1) for some I E P(k)\{O, k). Thus, by Proposition 2, {x~}~~_~ is truncated periodic 
with the minimal period 2(21+ 1) for some 1 E P(k) \ (0). Now, assume that all semicycles of 
{x?&%-, are of length 1 eventually. Then there exists no E Z(-k) such that, for n E Z(O), 
%+2n I Q and GLo+2n+1 > c* 
If k is odd, then cr >_ znO+k+l = x,,+k - f(x,,) = z,,+k + 1 > 6, a contradiction. Thus, not all 
semicycles of (x~}:!_~ have length 1 eventually. If k is even, then 
Xno+ki-I = %,+k - f k&o) = %,+k + 1, 
%o+k+2 = ho+k+l - f (%,+l) = %,+k+l - 1 = %,+k. 
By induction, for n E Z(O), we have 
%+k+2n = %o+k and %,+k+2n+l = x,,+k + 1. 
Hence, {xn)z-k is truncated periodic with the minimal period 2. This completes the proof. I 
Theorem 4 implies that all solutions of (4) are truncated periodic. This is very interesting. For 
example, when k = 0, it reflects the fact of Boolean property of computers. When there is delay, 
we can have more than one kind of periodic solutions. Hence, if many neurons are interconnected, 
we are expecting more complicated dynamical behavior and thii can have potential applications 
in neural networks. 
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